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ABSTRACT: A massive Dirac operator with a number of eigenvalues p(x), q(X)is constructed in
the continuous spectrum, and sufficient L" (0, 00) conditions are found for this operator to belong to

the space of coefficients. The dependence of the eigenvalues L22 (0,0) of the mass Dirac operator

on the continuous spectrum on the general boundary conditions is studied. for the following Dirac
operator, which is self-contained in the space of vector functions

DysB%+mTy+Q(x)y:iy, O<x<ow
X

Q(x) =0 in the case of

0 1 0 0
0 (0,4):(0) 0 (o,z):(lj.

the Weil — Titchmarch function, which satisfies the initial conditions, is defined as a single value.

D The coefficients p(X), q(X) of the operator are as follows
KX Y)+F(xy)+ [K(XHF(ty)dt=0, 0<y<x
0
Found using the Gelfand-Levitan integral equation.

KEYWORD: Dirac operator, operator spectrum, discrete spectrum, continuous spectrum, Weil —
Titchmarch function, Gelfand-Levitan integral equation, matrix function, Heveside function.

INTRODUCTION

LZ2 (0,0) the following Dirac operator, which is self-contained in the space of vector-functions
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DyEB%+mTy+Q(x)y=;ty, O<Xx<oo (1)
X

given by the boundary condition
¥:(0)=0.,(2)

y:(yl(X)j’ B:( 0 1}T:(1 0} Q(X):(p(x) q(x) j
Y2 (X) -1 0 0 -1 a(x) —p(x)

m - arbitrary positive number (mass), p(x),q(X)— real continuous functions.

D We divide the spectrum of the operator in the following form
o(D)=po(D)uco(D) U pco(D),

where po (D) - discrete spectrum, Co(D)- continuous spectrum, pco(D)- set of eigenvalues
located in a continuous spectrum.

o(X,A) = ((pl(x, A), 0, (X, Z))T through (1) of the system of equations
¢,(0,2) =0, ?,(0,4) =1.
we define f(X)= ( f,.(x), f,(x) )T a solution that satisfies the initial conditions.

L (0,00) Let be a vector-function of any real continuum

F(2) =] [HX)e(6A) + £, ()@, (% D]

The following f (X) Parseval equation in the round depending on the designation

o0 2 o0

JIE2 00+ £, (01 dx= [F(2) dp(4). ()

0 -
there is a monotonous incremental function called the spectral function of the problem (1), (2) that
p(A), —o< A <ootakes place.

Q(x) =0 in this case D we denote by the D, operator, i.e.

DoyzB%anTy:ly, 0O<x<oo (6)
X

Y (0) =0. (7)
Now of the system of equations (6)
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0 1 0 0
0 (0,1):(0) » (o,z):(lj.

we define a solution &° (X, A) that satisfies the initial ¢ ° (X, A1) conditions and.

From this
cos(’\/ﬂb2 —mz)x
0°(x,4) = sin(m)x :

(A —m)
A2 —m?
(2 +m) sin(’\/ﬂp2 —mz)x
9°(x,A) = AP —-m?

cos(’\//l2 -m? )x

From the following condition

w°(x,2)=0°(x,2) + my(2)p°(x,2) e L3(0,:0), Imz>0

The Weil — Titchmarch function of problems (6) - (7) is defined by a single value

i N 25 —m?

Z+Mm

m,(z) = - , Imz>0.

In this case, the basis is in the analytical sense, +/ > —m? =z +0(1), || — o0 and the part that
satisfies the condition is obtained.

m, (z) From the Weil — Titchmarch function and
1 .. 7 .
Po(A) = po(p) = — | 'nl _[ {_ I'm [mo (u 'HV)]}du
vo+0

using the formula (6) - (7) we find the product of the spectral function of the problem.

2 2
_E.&’ /1<_m’
b4 A+m
Pi(A)= 0, —m<Ai<m, (8)
[2 2
i.ﬁ’ A>m.
T A+m

In formula (8), the basis is understood in arithmetic.
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(6), (7) The spectrum of problems consists only of a (—e0, —m] W [m, o) continuous set, i.e.
CG(DO) = (—o0, —m] Lu[m, ), pJ(Do) =, pCO—(Do) =3.

Theorem. Let {4} and {& }. be a sequence of positive numbers that satisfies the following
conditions:

1°% m<Ad, <4,<.<4,<..;

20, ian =C < 0]

n=1
3% > A,a,=C<ox;

40, ian% =d <1,

n=1

here

_ 2 . A, +m
}/n_min{‘ﬂ“n—l _ﬂ“n "/ln+1_/1n } /ll_m.

It has a continuous and unique matrix function Q(X)with the form (3)

i 2 2
lj VT -mT A<—m,
T t+m
p(A) = 0 —m<A<m, (9)
A _ 0
17 M S aH@A-4)  Asm,
T t+m n=1

H(A) (-Hewiside function) is the spectral function of the D operator defined
pco(D)={1,,4,,....,4,,...}by formulas (1) - (3).

Proof. Let us first show that the function defined (A1) by formula (9) satisfies all the conditions of
the theorem.

pA)=po(A)+ X a,H(A-4,) . (10)

is due to the fact that the numbers are positive p, (1) and monotonous. The expression (10) follows
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[G2(2)dp(2) =0

if we put it as an integral

[G2(A)dpy(4) + 3a,G2(4,) =0.

» n-1

henceforth

[G2(4)dpy(4) =0 .

If we use the Parseval equation written for problems (6) - (7), then
J 10709+ 62001 dx=0

that is, g(X)from the continuity of the g(X) = 0vector function. So the first condition of Theorem
holds.

Now let's look at the following matrix function
= T

FOGY) =2 a,0° (4 A0 (v 4,)) - (4
n=1

20 Conditionally, according to the Weierstrass sign F (X,Yy) (11), the series is convergent and the
function is continuous. ¢°(0, 4 ) = 0from which F,(x,0)=0, F,,(x,0) = 0equations arise.

Hence, condition Il of Theorem also holds. Therefore, the spectral function of the operator, defined
by formulas p(4) (1) - (3), complements D its continuous spectrum (—co, M]and [mM,o0) intervals

A, =12, ...and has specific values.

D we use the following Gelfand-Levitan integral equation to find the coefficients of the

pP(x), q(X) operator.
K(x,y)+ F(x,y) +TK(x,t)F(t,y)dt:O, 0<y<x (12
0

where the nucleus F(X,Yy) (11) is visible. Each fixed equation has X>0a unique solution.

Substituting (11) into (12), then the solution of equation (12) is K(X, y):H Ky (X, y) H

i,j=12
determined as follows
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_ & An(X) 0 \T
K(x y)—nzl[Bn (X)j P (y.2)) - a3)
A"(X) =12 find th f i h he followi f i
Bn(X) , N=14,... To find the vector unctlon,we ave the fo owing systemo equatlons.
A, (X) = (A(X) . ~ ~
B (x) JraniZl[Bi (X)JJi’n(x)+ango (x,4,)=0, n=12,.,(14)
here
3,00=] (. 2)) -9t 2,)dt
0
that is
(A9 (6 2) 0 (K ARy (G A)
A=A, ! !
Ji,n(x):< 0 0
ﬂ, +m (01 (X’ﬂ*n)(ﬁz (Xl/ln) i:n.
A —ml " A +m ’

The solution of the system of equations (14) is unique because the system (12) is equivalent to the
Gelfand-Levitan integral equation.

If so, 1 #N then

‘\] (X)‘< 1 . ﬂ,i+m+ ﬂ,n-l-m <
S o A —m Ao—m |

- 2 . /11+m_ (15)
_min{‘ﬂbnf1 ~ 2 [ A =4, P\ A-m A |

If so, I =N then

J. . (X)=x+X

A —m

n

2,22 —m?

[o- sudath ],

i+Jnn(x) > 1 + x >0,
a ,

n n
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-1 -1
(i+‘]nn(x)j S(i'FX] . .(16)
an ’ al’l

However,

(3,00)] =[x 2)

T

) ¢0 (X’/ln)

(li+rnX2h4—m)sﬁfé££%;fx.S“bégi;ggfx-rcosJﬁf—-mzxcosdﬂﬁ—-mzx

< [ AEM T AEM M2l an
A —m A, —m

<

A, +m
A,—m

here. M =

Then, write the system of equations (14) as follows

An(X) _ 1 + 0 A.(X) . )
(BH(X)J__(a_nJFJ”v”(X)J 8 %(Bi(x))Ji,n(X)w (%4,) { Nn=12,...

. 1 \ (N) _
(Arg )(X)J——(i‘iﬂ]n,n(x)} 8 Z [Ai (X)]-Ji,n(x)+(oo(X,ln) ,  n=1N (18)

BrgN) (X) a, :if Bi(N) (X)

(19)
that is

v (A (x) (1 o

;(Bi(N)(X)]ai'n (X) __La_n + ‘]n,n (X)j Q (Xl/ln) 1
here

-}—+J (x):{J (x) 1N
ai’n (X) — an n,n i,n ' )

1, i=n, i=1N.

Since the solution of the integral equation corresponding to system (19) is unique, it follows that the
solution of this system of equations is unique.

Let us define the solution of the system of equations (19) as follows.

88 Published by “Global Research Network LLC"
https://grnjournals.us/index.php/AJSHR


https://grnjournals.us/index.php/AJSHR

AJSHR, Vol. 2, No. 6, 2021

AV (AV0) (AN o

B () \BM(0) (B
Now that conditions 1° to 4° are appropriate, A™ (x), B™(x), i =1, N the following estimates
are appropriate for solutions

N Cn
‘Aé (x )‘ 1+ ax{l—ya”}’

(21)
C n
‘B(N)(X)‘ 1+a x{lz/a +1}'

Let us prove for the expression (21). AﬁN)(X) (19) from the equation

Aé“)(x)——(—wnn(x)]_ XA G030+ 00 (K A) L N=12... 22)

i=n
n .
i=1

henceforth

AN (x)|< (—+Jnn(x)J %\A(“)(x)\-\ai,xx)h%

Using evaluations (15) and (16)

\A§N>(x)\ {ynz\A<N>(x)\+M} n=1N. (23)

then

N -

AV 0], {r3JA 0]+ M [, n=LN 22
=

If we sum up the resulting inequality from 1, then

S AYM] <3 a2 A”W]+ M Ta,

> A" (0](-d) =Me, 3| AV G| <

hence from inequality (23)
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M c
M ()] < 2 Y +1}.
‘A” ()‘ 1+anx{1—d

As a result, inequality (21) was proved.

Now, (A,EN) (X)) we evaluate the product, for which we write (22) as follows:

AN ()= ZA(”)(X){ (—+Jnn(x)J Ji,n(x)}+{—(ai+%,n(x)] (pf(x,zn)}

i#n n n
i=1

Using inequalities (16) and (17

N (1) (N) (N) a7, (1+M?)
(09| = %(A 0o |- 7 ;\A ()\{ ot
+an(1+M2) +a§M(1+I\/I2)+(/1n+m)an (25)

1+a,X (1+a,x)? 1+ax
And then
\(Aé“)(x))' szil\(ﬁé“%x))' A, + 2 [V {aly, @ M7 +a @M
+a’M@L+M?) + (4, +m)a,. (26)

If we sum up the resulting inequality from 1, then

> (A 00)| = X a3 |(A%00) | +(M? <13 (alr, +a,)-S|A" 0]+

N N N
+MM?2+D)> a2 + m>a, +> 4,4,
n=1 n=1 n=1
a,y, <d, a, <c using inequalities

(A 00) | <d 3 (A0 0)

+M(M?+Dc* + me + C,

> (A" )

Substituting (27) into (25), then

+(@1+d)-(M? +1)cz\A<N>(x)\ +

2M(M? +1)c? + (L—d)(mc+¢)
(1-d)?

=d. (@
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_ 2 2
< L day, + Mc | 8w, (d+M7) + @Q+M%a, |+
1+a,x 1-d 1+a,x

(&)

N a’M(@L+M?)
1+a,x

+ (4, + m)an}. (28)

In particular, from (21) and (28) {A,SN)(X)}Ezland {(AEN)(X))} are limited by continuous
N=1

functions X >0andn e N. According to Arcel's theorem, [0,00) there is a partial sequence of n

approaching some function for n fixed at A, (X) each finite {A,ka) (X)}c:ﬂintersection.

AN (x) > A (X), k—oo, xe[0,0],

where yeda is a b fixed positive number.

Indeed,
BM)(x) > B, (X), k—o, xe[0,b].

is displayed in a similar way. A" (x)and B{"™’(x) from the continuity of, A (X)and B_(X)will
be continuous. From (21)

(A ()< M {C“ +1},\Bn(x)\s il {C“ +1}.(29)

1+a,x [1-d 1+a,x (1-d

Let us( A, (x), B, (X) )T now show that a sequence of vector functions satisfies a system of

algebraic equations.
Indeed, V& >0 3k, >0 for

and

S AM)-3,00 - X AM(0-3,,(9] <

i=n i#n
i=1 i=1

<3 [AG- 3,00 = A" (-3, (| 3,,00[ +

i#n
i=1
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3 \Ai(x)\-‘Ji,n(x)‘s%%yn+g < &-const. (30)
i=N, +1 i=n
i#n i=1

From (30)

Ny 0

> AN (x)- 3,00 > X AM) -3, (X), k—>o, xe[0,b] .

i e}

If we go to the limit on (19) N, — coidentity, then the sequence (14) A,(X), n=1,2,...satisfies
the system.

From the evaluation (29) there will be an approximation of the series (13) according to the
Weierstrass sign. Hence, we determine the matrix-function according to the formula (13), K(X,y)in

which the coefficients of the operator p(X)and q(X) -s according to the following formulas

p(x) = _Klz(X’ X) - K21(X’ X), Q(X) = K11(X’ X) - Kzz(x’ X)’
Or
p(x) = —;(An(xw;)(x,zn) +B,(0)0°(x,4,))

q(x)=§'}(An (0P (X, 4,) + B, (002 (%, 4,))

is defined as a series view.
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