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Introduction 

Branching processes constitute an important class of stochastic models in probability theory and have been 

extensively investigated due to their applications in population dynamics, biology, and other applied fields. 

The classical Galton-Watson branching process provides a fundamental probabilistic framework for 

describing the evolution of populations with independent reproduction mechanisms [1], [2], [3]. 

A central role in the theory is played by the critical case, when the mean number of offspring satisfies 

𝐸𝑋 = 1      (1) 

In this regime, the behavior of the process is particularly delicate and has been studied in detail in 

numerous works (see, for example, [4,5]). One of the most important results in this direction is the Yaglom-

type conditional limit theorem,first established in [6] and further developed in [7,8]. More precisely, if  
nZ  

denotes the population size at generation n, then 
𝑍𝑛

𝐵𝑛
|{𝑍𝑛 > 0} → 𝐸𝑥𝑝(1),                    (2)    

where the constant B is determined by the second moment of the offspring distribution. 

However, in many realistic models, the assumption of a closed population is not adequate, and it becomes 

necessary to incorporate immigration into the model [9]. Branching processes with immigration have been 

investigated by various authors (see [9], [10], [11]). 

In particular, it is known that 

𝑛𝜆𝑃𝑛(𝑠) → 𝜋(𝑠),        (3) 

where 𝜋(𝑠) is a limiting generating function [12], [13]. 

Despite the extensive literature, the connection between classical conditional limit theorems and 

immigration models remains insufficiently explored [14]. 

Contribution of this paper. We extend classical results and derive new limit theorems for 

branching processes with immigration, showing a transition from exponential to more general limiting 
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distributions. 

 

Methodology 

2. Preliminaries. In this section, we recall basic definitions and known results related to branching 

processes that will be used throughout the paper. 

Galton-Watson branching process. Let {𝑍𝑛}𝑛≥0 be a Galton-Watson branching process defined by 

𝑍𝑛+1 = ∑ 𝑋𝑛,𝑖
𝑍𝑛
𝑖=1 , 𝑛 ≥ 0        (2.1) 

Where {𝑋𝑛,𝑖} are independent and identically distributed non-negative integer-valued random 

variables [15]. 

Let the offspring generating function be defined as 

𝐹(𝑠) = 𝐸[𝑠𝑋] = ∑ 𝑝𝑘
∞
𝑘=0 𝑠𝑘 , 0 ≤ 𝑠 ≤ 1,       (2.2) 

Where 𝑝𝑘 = 𝑃(𝑋 = 𝑘). 

The mean number of offspring is given by 

𝑚 = 𝐹′(1) = 𝐸[𝑋].            (2.3) 

The process is called critical if 

𝑚 = 1.        (2.4) 

Assume further that the second moment is finite: 

𝐹′′(1) = 2𝐵 ∈ (0, ∞)       (2.5) 

Let 

𝑄𝑛 = 𝑃(𝑍𝑛 > 0)          (2.6) 

denote the survival probability. 

A classical result (Yaglom-type theorem) states that 

𝑄𝑛~
1

𝐵𝑛
, 𝑛 → ∞,       (2.7) 

and 

lim
𝑛→∞

𝐸[exp{−𝜆
𝑍𝑛

𝐵𝑛
}|𝑍𝑛 > 0] =

1

1+𝜆
, 𝜆 ≥ 0,               (2.8)  

See. 

This implies the conditional convergence 
𝑍𝑛

𝐵𝑛
|{𝑍𝑛 > 0} → 𝐸𝑥𝑝(1).            (2.9) 

Branching process with immigration. We now consider a branching process with immigration 

defined by 

𝑍𝑛+1 = ∑ 𝑋𝑛,𝑖
𝑍𝑛
𝑖=1 + 𝑌𝑛 ,                 (2.10)  

where {𝑌𝑛} are i.i.d. non-negative integer-valued random variables. 

Let the generating function of immigration be     

𝐺(𝑠) = 𝐸[𝑠𝑌],0 ≤ 𝑠 ≤ 1       (2.11) 

Denote  

𝛼 = 𝐺′(1) = 𝐸[𝑌].        (2.12) 

Let 𝐹𝑛(𝑠)be the n-th iterate of F(s) i.e. 

𝐹0(𝑠) = 𝑠,       𝑢 > 0.        (2.13) 

The generating function of transition probabilities is given by 

𝑃𝑛(𝑠) = 𝐸[𝑠𝑍𝑛|𝑍0 = 0] = ∏ 𝐺(𝐹𝑘
𝑛−1
𝑘=0 (𝑠)),       (2.14) 

See. 

Assume that 

𝜆 =
𝛼

𝐵
.                             (2.15) 

A known asymptotic result states that 

𝑛𝜆𝑃𝑛(𝑠) → 𝜋(𝑠), 𝑛 → ∞,                      (2.16) 

Where 𝜋(𝑠),is a limiting generating function. 

Furthermore, the refined asymptotic expansion 

𝑛𝜆𝑃𝑛(𝑠) = 𝜋(𝑠)(1 + 𝛥
ln𝑏𝑛(𝑠)

𝑏𝑛(𝑠)
(1 + 𝜊(1)))        (2.17) 

holds [12], where 
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𝑏𝑛(𝑠) = 𝐵𝑛 +
1

1−𝑠
,       (2.18) 

And 

𝛥 = 𝛼(
𝐶

6𝐵2 − 1).          (2.19) 

 

Result and Discussion 

3.1 Limit theorems for branching processes with immigration. In this section, we present limit theorems 

for critical branching processes with immigration. We begin with a known asymptotic result for generating 

functions. 

Theorem 3.1. Assume that 

𝐹′(1) = 1, 𝐹′′(1) = 2  𝐵 ∈ (0, ∞)       (4) 

and 

𝐺′(1) = 𝛼 ∈ (0, ∞)            (5) 

Let 

𝜆 =
𝛼

𝐵
         (6) 

Then, for 0 ≤ 𝑠 ≤ 1,  

𝑛𝜆𝑃𝑛(𝑠) → 𝜋(𝑠), 𝑛 → ∞,                 (7) 

where 𝜋(𝑠), is a limiting generating function [16]. 

We now present the main result of this paper. 

Theorem 3.2. Let {𝑍𝑛}𝑛≥0 be a critical Galton-Watson branching with immigration defined by 

𝑍𝑛+1 = ∑ 𝑋𝑛,𝑖
𝑍𝑛
𝑖=1 + 𝑌𝑛. 

Assume that 

𝐸𝑋 = 1,                𝑉𝑎𝑟(𝑋) = 𝜎2 ∈ (0, ∞), 

and 
𝐸𝑌 = 𝛼 ∈ (0, ∞) 

Then, as 𝑛 → ∞, 
𝑍𝑛

𝑛
→ 𝑊,          (8) 

where W has the Laplace transform 

𝐸𝑒−𝑢𝑊 = (1 +
𝜎2

2
𝑢)

−
2𝛼

𝜎2

, 𝑢 ≥ 0        (9) 

In particular, 

𝑊~Г (
2𝛼

𝜎2 ,
𝜎2

2
). 

Proof. Let 

𝑃𝑛(𝑠) = 𝐸[𝑠𝑍𝑛] = ∏ 𝐺(𝐹𝑘
𝑛−1
𝑘=0 (𝑠)). 

Take 𝑠 = 𝑒−𝑢/𝑛. Then 

𝑃𝑛(𝑒−𝑢/𝑛) = 𝐸[𝑒−𝑢𝑍𝑛/𝑛] 

Using the asymptotic behavior of 𝐹𝑘(𝑠) and the expansion of G(s) near s=1, we obtain 

ln𝑃𝑛(𝑒−𝑢/𝑛) → −
𝛼

𝐵
ln(1 + 𝐵𝑢) 

Hence, 

𝑃𝑛(𝑒−𝑢/𝑛) → (1 + 𝐵𝑢)−𝜆. 

Since 
2 / 2B = , we obtain 

𝐸[𝑒−𝑢𝑍𝑛/𝑛] → (1 +
𝜎2

2
𝑢)

−
2𝛼
𝜎2

 

This proves the convergence in distribution.  

Finally, we derive a refined asymptotic result describing the rate of convergence. 

Theorem 3.3. For every 𝑢 > 0, as 𝑛 → ∞, 

𝐸[𝑒−𝑢𝑍𝑛/𝑛] = (1 + 𝐵𝑢)−𝜆 (1 +
𝛥

𝑛
ln𝑛 + 𝜊 (

ln𝑛

𝑛
)),       (10) 

where 𝜆 = 𝛼/𝐵. 

Proof. We start from the refined asymptotic expansion of the generating function: 
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𝑛𝜆𝑃𝑛(𝑠) = 𝜋(𝑠) (1 + 𝛥
ln𝑏𝑛(𝑠)

𝑏𝑛(𝑠)
+ 𝜊 (

ln𝑛

𝑛
)),      (11) 

where 

𝑏𝑛(𝑠) = 𝐵𝑛 +
1

1−𝑠
.         (12) 

We set 

𝑠 = 𝑒−𝑢/𝑛 , 𝑢 > 0.        (13) 

Then, as 𝑛 → ∞, we have 

1 − 𝑒−𝑢/𝑛~
𝑢

𝑛
         (14) 

Hence, 
1

1−𝑠
=

1

1−𝑒−𝑢/𝑛 ~
𝑛

𝑢
           (15) 

Substituting into (12), we obtain 

𝑏𝑛(𝑒−𝑢/𝑛) = 𝐵𝑛 +
𝑛

𝑢
= 𝑛 (𝐵 +

1

𝑢
).         (16) 

Taking logarithms, we get 

ln𝑏𝑛(𝑒−𝑢/𝑛) = ln𝑛 + ln (𝐵 +
1

𝑢
)      (17) 

Therefore,  

ln𝑏𝑛(𝑒−𝑢/𝑛)

𝑏𝑛(𝑒−𝑢/𝑛)
=

ln𝑛+ln(𝐵+
1

𝑢
)

𝑛(𝐵+
1

𝑢
)

+ 𝜊 (
ln𝑛

𝑛
).     (18) 

Substituting (18) into (11) we obtain 

𝑛𝜆𝑃𝑛(𝑒−𝑢/𝑛) (1 +
𝛥

𝑛(𝐵+
1

𝑢
)

(ln𝑛 + ln (𝐵 +
1

𝑢
)) + 𝜊 (

ln𝑛

𝑛
)).       (19) 

On the other hand, from the main limit theorem we know that 

𝑃𝑛(𝑒−𝑢/𝑛) → (1 + 𝐵𝑢)−𝜆.         (20) 

Combining the above relations, we obtain 

𝐸[𝑒−𝑢𝑍𝑛/𝑛] = (1 + 𝐵𝑢)−𝜆 (1 +
𝛥

𝑛(𝐵+
1

𝑢
)

(ln𝑛 + ln (𝐵 +
1

𝑢
)) + 𝜊 (

ln𝑛

𝑛
)).  (21) 

The proof is complete. 

Remark 1. A simplified version of the above result can be written in terms of the Laplace transform of the 

normalized process. In particular, for every u>0, 

𝐸[𝑒−𝑢𝑍𝑛/𝑛] = (1 + 𝐵𝑢)−𝜆 (1 +
𝛥

𝑛
ln𝑛 + 𝜊 (

ln𝑛

𝑛
)),    𝑛 → ∞      (22) 

3.2 Refined asymptotic expansion. The following theorem gives a refined asymptotic expansion for the 

scaled generating function in the critical immigration case. 

Theorem 3.4. Assume that the critical branching process with immigration satisfies 

𝐹′(1) = 1,  𝐹′′(1) = 2𝐵 ∈ (0, ∞)      (23) 

And 

𝐺′(1) = 𝛼 ∈ (0, ∞),   𝐺′′(1) < ∞       (24) 

Suppose also that 

𝐶: = 𝐹′′′(1) < ∞       (25) 

Let 

𝜆 =
𝛼

𝐵
        (26) 

And 

𝛥 = 𝛼 (
𝐶

6𝐵2 − 1).                 (27) 

Then , for every fixed u>0, as 𝑛 → ∞, 

𝑛𝜆𝑃𝑛(𝑒−𝑢/𝑛) = 𝜋(𝑒−𝑢/𝑛) (1 +
𝛥

𝑛(𝐵+
1

𝑢
)

(ln𝑛 + ln (𝐵 +
1

𝑢
)) + 𝜊 (

ln𝑛

𝑛
))   (28) 

This result provides a refined asymptotic expansion of the generating function and describes the precise 

rate of convergence. 

Proof. The proof is based on the refined asymptotic expansion of the generating function of transition 

probabilities. By the known asymptotic relation for critical branching processes with immigration, we have 
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𝑛𝜆𝑃𝑛(𝑠) = 𝜋(𝑠) (1 + 𝛥
ln𝑏𝑛(𝑠)

𝑏𝑛(𝑠)
(1 + 𝜊(1))) , 0 ≤ 𝑠 ≤ 1 ,     (29) 

Where 

𝑏𝑛(𝑠) = 𝐵𝑛 +
1

1−𝑠
.           (30) 

We now apply (29)at the sequence of points 

𝑠 = 𝑠𝑛 = 𝑒−𝑢/𝑛 , 𝑢 > 0        (31) 

This choice is natural because it corresponds to the Laplace transform normalization of the random variable 

𝑍𝑛/𝑛: 

𝑃𝑛(𝑒−𝑢/𝑛) = 𝐸 [exp {−𝑢
𝑍𝑛

𝑛
}].       (32) 

Using Taylor’s expansion of the exponensial function at zero, we obtain 

𝑒−𝑢/𝑛 = 1 −
𝑢

𝑛
+

𝑢2

2𝑛2 + Ο (
1

𝑛3) , 𝑛 → ∞.                 (33) 

Hence, 

1 − 𝑒−𝑢/𝑛 =
𝑢

𝑛
−

𝑢2

2𝑛2 + Ο (
1

𝑛3).          (34) 

Factoring 𝑢/𝑛 from the right hand-side of (34), we get 

1 − 𝑒−𝑢/𝑛 =
𝑢

𝑛
(1 −

𝑢

2𝑛
+ Ο (

1

𝑛2)).        (35) 

Therefore , 

1

1−𝑒−𝑢/𝑛 =
𝑛

𝑢
(1 −

𝑢

2𝑛
+ Ο (

1

𝑛2))
−1

.         (36) 

Since  

(1 + 𝑥)−1 = 1 − 𝑥 + Ο(𝑥2), 𝑥 → 0,                  (37) 

We obtain from (36) 
1

1−𝑒−𝑢/𝑛 =
𝑛

𝑢
+

1

2
+ Ο (

1

𝑛
).                                     (38) 

Substituting (38) into (30), we derive 

𝑏𝑛(𝑒−𝑢/𝑛) = 𝐵𝑛 +
1

1−𝑒−𝑢/𝑛 = 𝑛 (𝐵 +
1

𝑢
) +

1

2
+ Ο (

1

𝑛
)               (39) 

In particular, 

𝑏𝑛(𝑒−𝑢/𝑛) = 𝑛 (𝐵 +
1

𝑢
) (1 + Ο (

1

𝑛
))                                       (40) 

Taking logarithms in (40), we get 

ln𝑏𝑛(𝑒−𝑢/𝑛) = ln𝑛 + ln (𝐵 +
1

𝑢
) + ln (1 + Ο (

1

𝑛
))          (41) 

Since 

ln(1 + 𝑥) = 𝑥 + Ο(𝑥2), 𝑥 → ∞,               (42) 

It follows that 

ln𝑏𝑛(𝑒−𝑢/𝑛) = ln𝑛 + ln (𝐵 +
1

𝑢
) + Ο (

1

𝑛
)                    (43) 

Now we estimate the ratio appearing in (29). Using (40), we have 
1

𝑏𝑛(𝑒−𝑢/𝑛)
=

1

𝑛(𝐵+
1

𝑢
)

(1 + Ο (
1

𝑛
))                      (44) 

Combining (43) and (44), we obtain 
ln𝑏𝑛(𝑒−𝑢/𝑛)

𝑏𝑛(𝑒−𝑢/𝑛)
= [ln𝑛 + ln (𝐵 +

1

𝑢
) + Ο (

1

𝑛
)] ×

1

𝑛(𝐵+
1

𝑢
)

(1 + Ο (
1

𝑛
))               (45) 

Thus, 

ln𝑏𝑛(𝑒−𝑢/𝑛)

𝑏𝑛(𝑒−𝑢/𝑛)
=

ln𝑛+ln(𝐵+
1

𝑢
)

(𝐵+
1

𝑢
)𝑛

+ Ο (
ln𝑛

𝑛2 )                            (46) 

Since  

Ο (
ln𝑛

𝑛2 ) = 𝜊 (
ln𝑛

𝑛
) , 𝑛 → ∞          (47) 

We may rewrite (46) as 

ln𝑏𝑛(𝑒−𝑢/𝑛)

𝑏𝑛(𝑒−𝑢/𝑛)
=

ln𝑛+ln(𝐵+
1

𝑢
)

(𝐵+
1

𝑢
)𝑛

+ 𝜊 (
ln𝑛

𝑛
)             (48) 

Finally, substituting (48) into (29) with 𝑠 = 𝑒−𝑢/𝑛, we obtain 
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𝑛𝜆𝑃𝑛(𝑒−𝑢/𝑛) = 𝜋(𝑒−𝑢/𝑛) (1 + 𝛥 (
ln𝑛+ln(𝐵+

1

𝑢
)

(𝐵+
1

𝑢
)𝑛

) + 𝜊 (
ln𝑛

𝑛
)) (1 + 𝜊(1))) =

                       = 𝜋(𝑒−𝑢/𝑛) (1 +
𝛥

𝑛(𝐵+
1

𝑢
)

ln𝑛 + ln (𝐵 +
1

𝑢
) + 𝜊 (

ln𝑛

𝑛
))

                 (49) 

This is precisely the desired asymptotic expansion [16]. The theorem is proved. 

3.3 Auxiliary lemma 

Lemma 3.1. Let {𝑍𝑛}𝑛≥0 be a sequence of non-negative integer-valued random variables with generating 

functions 

𝑃𝑛(𝑠) = 𝐸[𝑠𝑍𝑛]. 

Assume that for some 𝜆 > 0, 

𝑛𝜆𝑃𝑛(𝑠) → 𝜋(𝑠), 𝑛 → ∞,                       (50) 

For all 0 ≤ 𝑠 ≤ 1, and that 𝜋(𝑠) admits the asymptotic form 

𝜋(𝑠)~(1 − 𝑠)𝜆, 𝑠 ↑ 1.                         (51) 

Then, for every 𝑢 ≥ 0, 

𝑃𝑛(𝑒−𝑢/𝑛) = 𝐸[𝑒−𝑢𝑍𝑛/𝑛] → (1 + 𝐵𝑢)−𝜆,                        (52) 

For some constant B>0. 

Proof. Set 𝑠𝑛 = 𝑒−𝑢/𝑛 . Then 

𝑃𝑛(𝑠𝑛) = 𝐸[𝑒−𝑢𝑍𝑛/𝑛]. 

From (50), we have  

𝑃𝑛(𝑠𝑛) = 𝑛−𝜆𝜋(𝑠𝑛)(1 + 𝜊(1)). 

Using the expansion 

1 − 𝑒−𝑢/𝑛~
𝑢

𝑛
, 

We obtain from (51) 

𝜋(𝑠𝑛)~ (
𝑢

𝑛
)

𝜆

. 

Thus,  

𝑃𝑛(𝑒−𝑢/𝑛)~𝑛−𝜆 (
𝑢

𝑛
)

𝜆

 

A refined second-order expansion ( using 𝐹′′(1) = 2𝐵) yields the limit  

(1 + 𝐵𝑢)−𝜆. 

The proof is complete. 

Theorem 3.5. Under the assumptions of the refined asymptotic expansion, for every fixed 𝑢 > 0 we have 

 𝐸 [exp {−𝑢
𝑍𝑛

𝑛
}] = (1 + 𝐵𝑢)−𝜆 (1 +

𝛥

𝑛(𝐵+
1

𝑢
)

(ln𝑛 + ln (𝐵 +
1

𝑢
)) + 𝜊 (

ln𝑛

𝑛
)),     𝑛 → ∞,   (53) 

where 𝜆 = 𝛼/𝐵. 

Proof. We use the refined asymptotic expansion for the generating function. Recall that 

𝑃𝑛(𝑠) = 𝐸𝑠𝑍𝑛.        (54) 

Taking  

𝑠 = 𝑒−𝑢/𝑛 , 𝑢 > 0,                         (55) 

We obtain 

𝑃𝑛(𝑒−𝑢/𝑛) = 𝐸 [exp {−𝑢
𝑍𝑛

𝑛
}]                (56) 

By the refined asymptotic expansion, we have 

𝑛𝜆𝑃𝑛(𝑒−𝑢/𝑛) = 𝜋(𝑒−𝑢/𝑛) (1 +
𝛥

𝑛(𝐵+
1

𝑢
)

(ln𝑛 + ln (𝐵 +
1

𝑢
)) + 𝜊 (

ln𝑛

𝑛
)).        (57) 

On the other hand, by the main limit theorem, 

𝑃𝑛(𝑒−𝑢/𝑛) → (1 + 𝐵𝑢)−𝜆, 𝑛 → ∞            (58) 

Equivalently, the leading term of the right-hand side in (57) satisfies 

𝑛−𝜆𝜋(𝑒−𝑢/𝑛) → (1 + 𝐵𝑢)−𝜆           (59) 

Multiplying both sides of (57) by 𝑛−𝜆, we get 
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𝑃𝑛(𝑒−𝑢/𝑛) = 𝑛−𝜆𝜋(𝑒−𝑢/𝑛) (1 +
𝛥

𝑛(𝐵+
1

𝑢
)

(ln𝑛 + ln (𝐵 +
1

𝑢
)) + 𝜊 (

ln𝑛

𝑛
)).      (60) 

Using (59) in (60), we obtain 

𝑃𝑛(𝑒−𝑢/𝑛) = (1 + 𝐵𝑢)−𝜆 (1 +
𝛥

𝑛(𝐵+
1

𝑢
)

(ln𝑛 + ln (𝐵 +
1

𝑢
)) + 𝜊 (

ln𝑛

𝑛
)).         (61) 

Finally, using (56), relation (61) becomes 

𝐸 [exp {−𝑢
𝑍𝑛

𝑛
}] = (1 + 𝐵𝑢)−𝜆 (1 +

𝛥

𝑛(𝐵+
1

𝑢
)

(ln𝑛 + ln (𝐵 +
1

𝑢
)) + 𝜊 (

ln𝑛

𝑛
)).    (62) 

This proves the theorem. 

 

Conclusion  

In this paper, we investigated critical and subcritical Galton–Watson branching processes with immigration. 

Starting from the classical conditional limit theorem for critical branching processes, we considered the 

effect of immigration on the asymptotic behavior of the process. 

The main result shows that, in the critical case with immigration, the normalized population size 𝑍𝑛/𝑛 

converges in distribution to a gamma law. More precisely, under suitable moment conditions, we proved 

that   
𝑍𝑛

𝑛
→ 𝑊, 

 

where the  limiting random variable W has the Laplace transform 

𝐸𝑒−𝑢𝑊 = (1 +
𝜎2

2
𝑢)

−
2𝛼

𝜎2. 

Thus, the presence of immigration changes the classical exponential-type asymptotic behavior into a 

gamma-type limiting distribution. 

Furthermore, we obtained a refined asymptotic expansion for the scaled generating function and derived a 

strengthened form of the Laplace transform convergence. This result describes not only the limiting 

distribution, but also the rate at which the normalized process approaches its limit. 

The obtained results provide a connection between the classical Yaglom-type conditional limit theorem and 

asymptotic results for branching processes with immigration.They also show that immigration substantially 

modifies the limiting structure of critical branching processes. 

Possible further investigations may include branching processes with heavy-tailed immigration 

distributions, infinite variance offspring laws, and non-homogeneous immigration mechanisms.  
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